P revious w ork on th e d eriv atio n of p la te th e o ry b y p ara m e tric expansions in th ree-d im en sional elasticity includes expansion of th e in terio r solution (Goodier 1938) a n d sim ultaneous expansions of in terio r a n d edge-zone solutions (F riedrichs 1950; F ried rich s & D ressier 1961). T he w ork of G oodier is concerned w ith th e d eriv atio n of tw o-dim ensional differential equations w hile th e w ork of F ried rich s & D ressier is concerned w ith th e d eriv atio n o f differential eq u atio n s as well as b o u n d a ry conditions, th ro u g h th e jo in t consideration of in terio r an d edge-zone expansions. T he prin cip al ob ject of th e p resen t p a p e r is th e d eriv atio n of b o u n d ary conditions for th e successive term s of th e in terio r solution expansion, w ith o u t consideration of th e edge-zone solution expansion. T he m eth o d of d eriv atio n m akes use of a variatio n al fo rm u latio n of th ree-dim ensional elasticity th eo ry .
I n t r o d u c t i o n
The substance of plate theory is a system of two-dimensional differential equations and boundary conditions for the exact or approximate determination of threedimensional states of stress and displacement in elastic bodies bounded by a cylindrical surface and by two parallel, or nearly parallel, surfaces perpendicular, or nearly perpendicular, to the generators of the cylindrical boundary surface, under the assumption th at the order of magnitude of the distance H between the (nearly) parallel bounding surfaces is small compared to a representative distance L along the circumference of the cylindrical bounding surface. For simplicity's sake, and in order to avoid the necessity of discussing the transition from plate theory to shell theory, the problem will be defined slightly more narrowly in the body of this paper.
Plate theory begins with the classical approximate equation by Sophie Germain, and the corresponding boundary conditions by Kirchhoff, both derived by the methods of the calculus of variations, in conjunction with the Euler-Bernoulli hypothesis (Love 1934) . I t was subsequently observed by Kelvin and Tait, St Venant, Boussinesq and M. Levy that the results of Germain and Kirchhoff effectively describe stresses and displacements everywhere except in an edge zone of width of the order H. In present-day terminology it may be said th at the Germain-Kirchhoff results are a rational close approximation to the interior portion of the exact solution of the original three-dimensional problem .
Later on, Levy (1877) complemented the interior solution by edge-zone solutions. An appreciation of this work was long delayed because of technical objections to it by St Venant and Boussinesq.
Subsequent developments in the field of plate theory may conveniently be con sidered in two compartments. In the first, one is concerned with improvements to the classical approximate interior solution, by expansions in powers of the thickness [ 178 ] co-ordinate, or by expansions in powers of a parameter
The relevant results in the latter case are due to Goodier (1938) , while partial results had earlier been found by BirkhofF (1922) and Garabedian (1923) . I t is noted th at all these develop ments have been concerned with refinements of Sophie Germain's differential equation without considering refinements of Kirchhofif's boundary conditions. Also to be mentioned in this context is the work of Morgenstern (1959) and of Babuska & Prager (i960) on the establishment of the asymptotic character, in a mean-square sense, of the Germain-Kirchhoff results.
In the second compartment, as it is understood here, one is concerned with the simultaneous consideration of interior and edge-zone solutions. The present author (1945) used the methods of the calculus of variations to establish an approximate plate theory simultaneously describing interior and edge-zone states in regard to both differential equations and boundary conditions. Subsequently these results were rederived without use of the calculus of variations by Bolle (1947) , Green (1949) and Schafer (1952) .
A second approach to the complete problem is due to Friedrichs (1950) and Friedrichs & Dressier (1961) who established joint expansions in powers of R \L for interior and edge-zone solutions. One of the purposes of the work by Friedrichs & Dressier is the derivation of effective boundary conditions for the successive terms in the expansion of the interior solution, as a consequence of the joint expansions of interior and edge-zone solutions.
The principal purpose of the present paper is the derivation of boundary condi tions for the successive terms in an H /L expansion of the interior solution, without consideration of the edge-zone solution. Specifically, we complement Goodier's system of differential equations by a corresponding system of boundary conditions, in such a way that the boundary conditions for the leading terms in Goodier's expansion coincide with the classical Kirchhoff conditions. To simplify the developments we consider a plate of constant thickness H and we assume th at the plate faces z = ± \H are free of stress while th with equation
f(x, y) = 0, is acted upon by a given equilibrium distribution of face parallel stresses c rn (z,s) , rns(z, s) and of transverse shear stresses rnz(z, s), crn a being odd functions of z and rns being an even function of z. I t is further assumed th at linear theory applies and that the material of the plate is homogeneous and isotropic with regard to directions in the x, y-plane.
The differential equations of the problem consist of the three equilibrium equations Cx.x + Txy,y + rxz,z = °> etc., (la,b,c) and of six stress-strain relations which are taken in the form
-r,(<rx + <,t ). (1 g.h.i)
Equations (1) are to be solved subject to the following system of boundary conditions
Derivation of boundary conditions for plate theory T0pxds, 6, c) In this < r0 is a reference stress, px, py and pz are given functions of and s, px and py odd in z and pz even in z, and A is a small parameter defined by
The functions px, 7 py, pz are dimensionless and it is assumed th at they are of magnitude unity. Equations (3) incorporate the assumption th a t the transverse edge shear stresses are of a smaller order of magnitude than the face parallel edge normal and shear stresses, as is required if the Germain-Kirchhoff relations are to result as the leading terms in our expansions.
N o n -d i m e n s i o n a l i z a t i o n
We introduce dimensionless co-ordinates £, rj, £ by writing
and dimensionless stresses sx, sy, t, tx, ty, s and displac
Introduction of (5) to (7) into (1) to (3) ( 8 u , g + w , g = EXHJG, v, + w , v = EXHylG, (Sg, h, i) The boundary conditions (2) assume the form (9a, 6, while along/ = 0, for |£| < 1 and with ds = Ldcr, the boundary conditions (3) beCOme
where the functions px,p y, pz of £ and er, as well as their derivatives, are considered to be of order unity.
4. E x p a n s i o n i n p o w e r s o f A2
Inspection of the system (8) to (10) indicates the possibility of expansions of the form s^ + + iii( w 4.X2w{2) + ...
Equating corresponding powers of A2 in the equations of the system (8) to (10), we obtain the following successive systems of differential equations sx*?g + t ("f + t,( x>\ = 0, etc., (12a,6,c) where n = 0 ,2 ,4 ,..., and
Equations (12d) to ( the homogeneous equations (14) holding for 2, 4 ,__ I t will be found, upon solving the system of differential equations (12) together with the face-boundary conditions (13), th at in general it will not be possible to satisfy the system of edge-boundary conditions (14). The main object in what follows is the establishment of a system of edge-boundary conditions which replaces the system (14).
F i r s t -o r d e r a p p r o x i m a t i o n t h e o r y
First-order approximation theory is here defined as the theory in which sx is approximated by 4°\ with corresponding approximations for all other stress and displacement components.
Inspection of the system (12) shows the possibility of performing all ^-integrations in the first-order approximation theory explicitly, as follows.
From (12/*) and (12 g*,h*),
(
+ »)(«» =-£«,$,.(15/ )
Having s( f \ 4 0) and t{0) we find tf> and from (12a, 6) and from the face-boundary conditions (13a, b )i n the form
(1 = -i ( l -« 2) « " + < k ) , r <15*)
The remaining equilibrium equation (12c), together with the boundary condition (13c), gives as expression for s(0), and as a differential equation for w^0), e<°> = 0, V2V2w0 (0) = 0 (15 where V2 = ( )fg + ( ),".
I t remains to consider the boundary conditions (14) for the edge of the plate. It follows from (15 d )t o (15/&) th at (14) requires for its satisfaction by means present solution th at px and py be of the form £p*(cr), ^p*(cr), while pz m form (1 -£2)pf(cr). However, even if these conditions are satisfied, it is not in general possible to satisfy the conditions prescribed for £0), p^, p ( p because the order of the differential equation (15/) for w0 (0) is too low to allow the satisfaction of three boundary conditions. The answer to this difficulty consists in realizing th a t the approximations w = etc., must be associated with approximations con cerning the form of the edge conditions for the plate. Following Kirchhoff, we replace the three local conditions (14) for p { y \ pf'* by two contracted and inte grated conditions of the form
where p n and p s are normal and tangential edge stress components defined by
Pn = PxV'-Py£'> (17)
A re-derivation of (16) within the framework of the present procedure will be carried out in conjunction with the extensions necessary to obtain corresponding results for all other terms in the parametric expansions (11).
H i g h e r -o r d e r a p p r o x i m a t i o n t h e o r i e s
Higher-order terms in the parametric expansions (11) are found as follows. From (12i**) in conjunction with (15 d,e): (\2 g ,h ) in conjunction with (15 V2w0 «».
w0 (2) -

2(1
From
(2) = where
Equations (18d,e,f) are introduced into the equilibrium equations (12a, Observation of the differential equation (15j) for w0 (0) and of the face-boundary conditions (13 a,
b)then gives as expressions for t(2) and t(2> ( i -v 2)42>= ( i -* ) $ > = -i ( i -£ a>(VX®)., ( i s g . h )
Combination of (18$, h)with (12c) and (13c) finally gives as expression for as differential equation for w §*\ $(2) = 0, V2V2w<(2) = 0.
(1 8 //)
We now take account of the fact th at .s(2) = 0 and th at in s( f } + the terms with k(Q cancel out to deduce from this and from the structure of (12) and (13) th at all successive terms in the expansions (11) are analogous to (18), as follows
for n -4, 6 ,.... The foregoing results are reducible to results obtained by Goodier (1938) , upon setting vz = va nd 2(1 + v) G = I t is now necessary to establish boundary conditions for the solutions w$n) of (18 j) and (19/). In order to generalize the two boundary conditions (16) for the leading terms in the parametric expansions we compare the original boundary conditions (14) for these leading terms with the corresponding conditions for the succeeding terms, while a t the same time comparing the structure of the leading term expressions (15) for stresses with the corresponding succeeding term expres sions (19). The changes consist in going from homogeneity to non-homogeneity in the expressions for stresses while at the same time going from non-homogeneity to homogeneity in the boundary conditions. We conclude from this th at boundary conditions corresponding to (16), for the succeeding terms, should be the homo geneous counterparts to equations (16) 
Non-dimensionalization, in accordance with (5) to (7), changes (22) into
Equation (23) is to be used in conjunction with the parametric expansions (11) which satisfy all differential equations and the boundary conditions for £ = + 1, identically in A. This means th at introduction of (11) into (23) leaves us with a variational equation of the form
The appropriate boundary conditions along the edge of the plate for the successive terms in the expansions (11) We now consider (256) as applied to the A2-terms in the parametric expansions. In applying (256) for p ( x \ p (2\ pf* we have a t our disposal 8u = 8ui0) + X28u(2) etc. where u{2) is given by (186). In this we must consider all quantities with superscript zero as fixed (by way of previously having solved the complete boundary-value problem for the leading expansion terms, through use of (27a)) so th at 8u(Q ) + X2Su{2) = -£<H(2)gA2, etc.
As a consequence (256) becomes^ p f } d£ &e0 (2) j d a = 0. (266) Equation (266) is transformed, in the same manner as (26a), into
I t follows from (276) that (20), with m = 2, are in f conditions for the determination of the A2-terms in the expansions (11).
The generalization of (27 6) from m = 2 to the case of general m is immediate and from this it follows th at the boundary conditions (20) are in fact the correct boundary conditions for all successive terms in the parametric expansions (11). where the supplementary solution terms ws , etc., by themselves must satisfy the differential equations (8) and the face-boundary conditions (9). Introduction of (28) into the edge-boundary conditions (10) leads to the following system of edge boundary conditions for the supplementary solution.
A lo n g /= 0, for |£| ^ 1,
Derivation of boundary conditions for plate theory 
While the boundary conditions (29) are not pointwise homogeneous they do satisfy two homogeneity conditions which are a consequence of the boundary conditions (16) 
